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[Problems] 6.4: 10, 12; 6.5: 3, 7; 6.6: 1(c), 7, 10, 17, 20;

6.4 - 10. For

sint o<t<m
t) = ’ = .
9(t) {07 t>a

(a) Find the solution of the given initial value problem.

(b) Draw the graphs of the solution and of the forcing function; explain how they are related.

Solution.

(a) By applying Laplace transform on the I.V.P,

$2F(s) — s+ s F(s) — 1 +§F(s) — G(s)
F(s) = %
_ G(s)+s+1
(s—%>2+1’
where
G(s) = L{g(t)}(s)
= L{[1—-H(t—m)]sint}(s)
= C{sint}— L{H(t —m)sint}.
Since

H(t—m)sint = —H(t—m)sin(t — )

—4(t — ) *xsin (),



we have

Therefore,

G(s) = L{sint}—L{H(t—m)sint}

= L{sint}+ L{é(t —m)} L{sint}
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Then using inverse Laplace transform,

y(t)

(b) Since

L7YF(s)}
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%5(2&77‘(‘)*[675/2 (sint —4cost) + sint + 4 cost] +i7{l t/2 (5951nt+2€05t)} +—[smt+4cost}

%H(t,ﬂ) [e(t—‘rr)/2(4cost+sint)7Sint74cost}Jr 17{ t/2< 3 smt+cost>+4sint+4cost}.

A s) s+1
0 )

= g(t)* et/?sint + o(t),



where
o(t) = et/2<g sint + cost>

is the solution to the initial value problem with homogeneous source term g(t) =0.
Therefore, g(s) has an influence on y(t) with a weight e* =)/ 2sin(t — s), (s <t).

GNUplot] g(t) = t<pi ? sin(t) : O;
y(t) = t<pi 7 (1.0/17)*(exp(t/2)*((59/2.0)*sin(t)+cos(t)+4*sin(t)+4*cos(t))) : (4.0/
17)* (exp ((t-pi) /2) * (4*cos (t)+sin(t)) -sin(t) -4*cos(t))+(1.0/17) *(exp(t/2)*((59/
2.0)*sin(t)+cos(t)+4*sin(t)+4*cos(t)));
set yrange [-2:2];
plot [0:10] g(x), y(x)/100
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Figure 1.

6.4 - 12. For

y(0) =0,
y'(0) =0,
y"(0) = 0,
y"(0) = 0;

_fo, t<e
uelt) = { 1, t=>e
(a) Find the solution of the given initial value problem.

(b) Draw the graphs of the solution and of the forcing function; explain how they are related.

Solution.



(a) By applying Laplace transform to the IVP,

s*F(s) — F(s)

“(e— S —
S(e

€

S

L{H(t—-1)} = L{H(t - 3)}

6735)

_ 6_33

FG) = S+ 06T D)
—s —3s S 1 1 1
= (77— 3)[2(52+1)+4(S_1)+4(s+1)’E'
Therefore,
y(t) = LTHF(s)}(t)
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Since
LYe} = 8(t-1),
LYe 5} = 6(t—3),
£_1{2(328+1)Jr4(51—1)+4(51+1)_é} = 55_1{3211}%5_1{;1}+i£_1{si1}_ﬁ_l{é}

CostJr%etJr%e*tfl,

2
we have
B 1 1, 1, 1 1, 1,
y(t) = 6(t71)*{§cost+ze +Ze fl}fé(th)*{gcostJrZe +Ze 71}
= H(t—l){%cos(t—l)—i—%et_l—f—ie_t'*l—1}—H(t—3){%cos(t—3)+%et_3+%e_t+3—l .
(b) Since
_ L{g()}(s)
Fs) = s(s—1)(s+1)(s2+1)’
we have
_ 1
y(t) = 9(®)xL 1{3(371)(S+1)(32+1)}

g(t)*{%cost—i—%et—l—%e_t— 1}.

That is, the solution is the convolution of the forcing function with a specific function determined by the equaiotion.

GNUplot] g(t) = t<1 2 0 : t<3 ? 1 : O3
y(t) = t<1 2 0
: (0.5%cos(t-1)+0.25*%exp(t-1)+0.25%

: t<3 7 (0.5%cos(t-1)+0.25%exp(t-1)+0.25*exp(-t+1)-1)

exp(-t+1)-1) -

(0.5%cos(t-3)+0.25*%exp(t-3)+0.25*%exp(-t+3)-1) ;

plot [0:4] g(x), y(x)
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Figure 2.

6.5 - 3. For

(a) Find the solution of the given initial value problem.
(b) Draw a graph of the solution.

Solution.

(a) By Laplace transform,

—TSs

(s24+35s+2)F(s)—s—1—3

|
o

e ™4s44
FG) = D6+

I ! 3 2
= {s—l—l s+2}+{5+1 s+2}

Therefore,
y(t) = S(t—m)x[e”t—e 2+ [3e7t — 272
= H(t—m7) (e tH™ — e 2+2m) 1 (3e7t — 272,

(b)

GNUplot] y(t) = t<pi ? (3*exp(-t)-2*exp(-2*t)) :
(exp(-t+pi)-exp(-2%t+2xpi) ) +(3*exp(-t) -2%exp (-2%t)) ;

plot [0:9] y(x);
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6.5 - 7. For

(a) Find the solution of the given initial value problem.

(b) Draw a graph of the solution.

Solution.

(a) Since

0, t+2m
6(t —2m) cost =

5(0)cos2m, t=2m

= §(t —27) cos2m

= §(t —2m).
Using Laplace transform,
$2F(s)—s—1+F(s) = e™2m
Py = s
s“41
= e 52:—1 + 5211 + 52%1—1'

Therefore,

y(t) = 6(t —2m)xsint+cost+sint

H(t—2m)sint+ cost+sint

cost+ [1+ H(t —2m)]sint.



(b)
GNUplot] y(t) = t<2*pi ? (cos(t)+sin(t)) : (cos(t)+2*sin(t));

plot [0:15] y(x);

)
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6.6 - 1 (c). Prove the associative property of the convolution integral:
fr(gxh) = (fxg)xh.

Proof.

By definition,

[Fx(gh)] (t) = /fO F(t—7)(gxh)(r) dr

el

/i /Z Ft=7)g(r —s)h(s)dsdr.

g(t—s)h(s)ds|dr

Under the condition of Fubini’s theorem, we have

Fr(geh)(t) = /_OO h(s)ds/_oo F(t—r)g(r—s)dr

/°° h(s) (fxg)(t —s)ds

—00

[(f % g)*h] (2).



6.6 - 7. Find the Laplace transform of

f) = /Ot sin(t — 7) cos 37dr.

Solution. By definition, using Fubini’s theorem and integration by part,

0o t
L{f)}(s) = / e’”dt/ sin(t — ) cos 37dT
0 0
1 [ t
= 77/ de*St/ sin(t — ) cos 3rdT
sJo 0
1 t %) [e5S] t
= —g{{e_“/ Sin(th)COS:sTdT:“O 7/ e st {sin(tft)cos3t+/ COS(th)COS3TdT:| dt}
0 0 0
1 o t
= 7/ e_Stdt/ cos(t — 7) cos 3rdr
$.Jo 0
1 0o t
= ——2/ de_St/ cos(t — 7) cos3Tdr
57Jo 0
1 t o o0 t
= ——2{{e_3t/ cos(t— 1) COSgTdT:“ —/ e st {cos(t—t) coth—/ sin(t—’r)cos3’rd’r} dt}
s 0 0 0 0
1 oS} t
= = e‘“{cosfﬂt—/ sin(t—’r)cos3’rd’r} dt
5% Jo 0
1 o 1 o t
= —2/ e st cothdt——z/ e_Stdt/ sin(t — 7) cos 37dr
sJo 5% Jo 0
= 5[ et cosstdt - S L{F(OHG)
= 2/, e cos = s).
Therefore,
%fooo et cos 3tdt
L{fB)}(s) = = T
145
[T e 5t cos3tdt
o s2+1
And since
/ e %t cos3tdt = L{cos3t}(s)
Jo
s
T s249’
we have
L{f(t . A
{f®)}(s) (s2+9)(s2+1)

Solution. Or the more direct way (while not the simpler way), compute
t 1
/ sin(t — 7) cos 3rdr = 3 sin?t cost.
0
Then evaluate the integral

[ 1 1 [°°
/ e St=sin?tcostdt = = / e”** (1~ cos’t) costdt
Jo 2 2Jo

1 [ 1 [
5/ e*Stcostdtfi/ e Stcosdtdt.
0 0



And use integration by part three times to express the second term using L£{cost}(s).

6.6 - 10. Find the inverse Laplace transform of
F(s) =

by using the convolution theorem.

Solution. By convolution theorem,

LTHF(s)}(t)

= e tx e’t*e*t*%sin(%)

1

(s+1)3(s2+4)

¢
= {/ ef(tf"')e""d‘r}*e’t*lsin(%)
0 2

= te*t*e*t*%sin(%)

¢
= {/ ef(th)Te_TdT] *lsin(Zt)
0 2

= % t2e tx % sin(2t)

t
= l/ 72e7 " sin(2(t — 7))d7
4 Jo

Using integration by part mutiple times, one can obtain

1

1 _ 1oy 4, 11
LUFEN) = pi2e 41—k

10

el sin(2t) + 2 el cos(2t) —

250

6.6 - 17. Express the solution of the initial value problem

y1/+4yl+4y

in terms of a convolution integral.
Solution. Using Laplace transform,

s2F(s)—s—2+4sF(s) —4+4F(s)

F(s)

L{g(t)}(s)

2

_ L{g®)}(s) +s+6
s24+4s+4

s+2+4

_ L{i)

(s+2)2

(+27

4 1

_ L{})

(s+2)?

(s+2)2+s+2'

250°
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Therefore,

y(t)

g(t)*L_l{

RN (R

= g(t)* (te™2t) 4 (4t +1)e 2t

6.6 - 20. Express the solution of the initial value problem

y W +5y" +4y = g(b);
y(0) = 1,
y'(0) =0,
y"(0) =0,
y"'(0) = 0;
in terms of a convolution integral.
Solution. Using Laplace transform,
s1F(s) — 83+ 552F(s) — 5s +4F (s) L{g®)}(s)
PO = R
TR EET N N R

Therefore,

yt) = g(t)* %sint—%sin(%)}+{écost—%cos(2t)}.
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