Tutorial note for MATH 2111

Pan Liang

1. System of linear equation

1.1. Some concepts

e Linear equation: aixy + asxs + ... + apx, = b

e System of linear equation: a collection of one or more linear equations, involving same
variables x1, xs, ...x,,.

e Solution of system of linear equation: a collection of w1, xs, ...z, satisfies all of the
equations.

e Three possibilities of solution:

1. no solution;— the system is inconsistent.
2. exactly one solution; — the system is consistent.
3. infinitely many solutions; — the system is consistent.

1.2. Solving a linear system

Gaussian Elimination

Example 1.1.

2x1 4 4xy = —4,

5
Sol: Eq.1.2—§ Eq.1.1 = —3zy = 21 = x5 = —7. (Elimination 5x; in Eq.1.2).
Substituting xo = —7 in Eq.1.1, we have z; = 12.
Thus, we have the solution z; = 12, x5 = —7.

1.3. Matrix form
Example 1.1 can be rewritten into the following matrix form

()~ ()

2.4 - ) is called the augmented

2 4. . :
where < 5 7 ) is called the coefficient matrix, and < 5711

matrix.



The solution procedure can be written into the matrix notation

2 4 —4 2 4 —4 2 4 —4
(5 7 1 )”_’7’2_5/2“(0 -3 21)72_>__1/:¥”3<0 1 —7>

2 0 24 10 12
’Ll_‘”%(o 1 —7)%(0 1 —7)

= The solution of the linear system is

T . 12
i) o -7 '
1.4. Elementary row operation

There are three kinds of Elementary row operations (ERO)

1. replacement — replace one row by sum of itself and a multiple of another row;
2. interchange — interchange two rows;

3. scaling — multiply all the entries in a row by some non-zero number.
Definition 1.1. Two matrices are called row equivalent if they differ by a sequence of EROs.

Theorem 1.1. Linear systems corresponding to row equivalent augmented matrices will
hava the same solution set.

Example 1.2. consider the following linear system

T+ 41’3 = —5,
r1 + 3x9 + bry = —2,
3x1 + Txy + Tx3 = 6.

The matriz form of the this linear system

01 4 =5
1 3 5 =2
3 77 6

Sol: The solution procedure can be written into the matrix notation

01 4 -5 1 3 5 =2 1 3 5 =2
135 —2 | —= 014 —5 |20 0 1 4 —5
3 7 7 6 interchange 3 7 7 6 replacement 0 -2 -8 929

1 3 5 =2

Lozt g1 4 -5

replacement 00 0 9

= The third row implies 0 = 2 = The linear system s inconsistent.
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Example 1.3. consider the following linear system

T+ 19 = ]_,
—3x1 + 3x9 = —3.

1 -1 1 1 -1 1
H
-3 3 -3 0 0 0

= The linear system has infinitely many solutions.

Sol:

1.5. REF and RREF
e Row echelon form (REF)

1. All non-zero rows are above any zero rows;
2. Leading entry moves to right by at least one column when rows going down;
3. All entries in a column below a leading entry are zeros.

Based on the REF, we have the row reduction algorithm (Gaussian elimination), which
contains two parts

1. Phase 1: Forward elimination (obtain the REF);
2. Phase 2: Backward elimination (obtain the solution).

e Reduced row echelon form (RREF)

1. All non-zero rows are above any zero rows;

Leading entry moves to right by at least one column when rows going down;
All entries in a column below a leading entry are zeros.

Leading entry in each row is 1;

AN

Leading entry 1 is the only non-zero entry in its column.

Object: find a form that is easy to obtain the solution of the linear system.

Example 1.4.
1 000 001 2
0 1 0 0 | (RREF), 0 1 0 0 | (not),
001 2 1 00
0120 01 0
0 01 0 | (REF), 0 01 0 | (RREF).
0000 00 0



Example 1.5. Find RREF of the following matrix

1 3 5 7
3579
5 7 9 1
Sol: By the REOs, we have
1 3 5 7 1 3 5 -2
35 7 9 | ot —4 —8 —12 T o g1 203
579 1) ™ o 8 —16 —34 ) =Y\ g 0 0 —10
1 3 5 =2 1 3 50 1 0 -1 0
-1 012 3 - 10120 |—=101 2 0 |(1ispivotposition)
00 0 1 00 01 00 0 1

1.6. Rank of a matrix
Some concepts based on RREF

1. uniqueness of RREF;

2. A pivot position < leading 1 in RREF;

3. A pivot column « containing pivot position.
4. Basic variables — pivot position;

5. Free variables — non-pivot position.

Definition 1.2. rank A= no. of pivot positions in A.
Theorem 1.2. Linear systems [A|b] is consistent iff rank A= rank [Al|b].

Theorem 1.3. Linear systems [A|b] is consistent with n variables, then the no. of free
variables =n -rank A.

Example 1.6. Find solution of linear system
3.1}1 - 41[’2 + 2[L'3 = 0,
—9£C1 + 1233'2 — 6£C3 = 0,
—6x1 + 8x9 — 4dx3 = 0.

Sol:
3 =4 2 0 3 —4 20 42 0
912 60 | g 0 00 || &8
6 8 —40) ™Y Lo 0 00 0 0 0 0
= Rank A= 1, 1 basic variable and 2 free variables =
4 +2t
Ty ==-S+ -
17373
Tog =S ’
.I‘3:t
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2. Vector

2.1. Two descriptions of vector
e geometric:
. . . H
direction interval from A to B AB,;
length and direction

e algebraic:
a collection of number arranged in column form;
size: number of entries in the vector;
notation: u, v.

2.2. Vector operations
e vector addition: u+ v

() ()= (i)
+ =
(%) (%) Ug + Vg

e scalar multiplication: ku

Operations rules

2.8. Linear combination and span

Definition 2.1. Let S = vy, ..., vx be a collection of vectors in R" and let ¢y, ..., ¢, be num-
bers. The following y is a linear combination of the vectors in S

Y=cC1v; + ... + CpUg,
or: al.c. of vy,..., V.
Theorem 2.1. Let S = vy, ...,vy € R", y € spanS iff [vy, ..., v;|y] is consistent.

Example 2.1. Whether b is linear combination of the columns of A = (v, vg, v3)?

1 —4 2 3
Apl=| 0o 3 5 |.b=]| -7
-2 8 -4 -3

Sol: & be (v, v, v3) & (v1, v, v3|b) is consistent.

1 -4 2 3 1 -4 2 3
A= 0 3 5 —7|=[0 3 5 -7
—2 8 —4 -3 0 0 0 3

= [A|b] is inconsistent = b is not linear combination of the columns of A.
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Example 2.2.

1 -3 h
v = 0 , Vg = 1 y b= -5
—2 8 -3

Whether b is linear combination of the columns of (v, v2)?
Sol: < (v, »|b) is consistent.

1 -3 h 1 -3 h 1 -3 &
o,mb=| 0 1 -5 |=[0 1 =5 =10 1 =5
—2 8 -3 0 2 —3+2h 0 0 2n+7

[v1, v2|b] is consistent iff 2h + 7 =0 i.e. h = —T7/2.
Remark 2.1. Linear combination is a very important concept in this course!!!
Theorem 2.2. Let A be m x n matriz. The followings will be equivalent

e Ax = b is consistent for each b € R™;

e Fach b€ R™ is al.c. of the columns of A;

e The column of A span R™;

e A has a pivot position in every row.

Remark 2.2. Try to find the relation between the linear combination and linear system.

e linear combination

1V + ... + TV = b.

e matrix equation A = [vy, ..., vy

Key point

1. Az = b is consistent <

2. r1a1 + ... + x,a, = b is consistent <
3. bisalc ofay..,a, <

4. b is contained in Span{ay, ..., a,}.

Example 2.3. matrix form < vector equation
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e Ax=b= 110, +... + 1,0, = D,

(ai)(=)-(G)en(a)em()e=(3)-(2)

[} y1a1++yna’n:b:>14y:b7

1 2 3 2 1 2 3 Y1 2
nl 2 |4+ypl 6 |+l 7Tl=11]=[267 ys | =1 1
1 3 8 5) 1 3 8 Y3 )

Example 2.4. Determine whether the columns of A spans R*, where

1 2 1
A =lay, ap, a3] = 0 1 3
-2 —4 -1

The columns of A spans R*< ¥V b € R®, Ax = b is consistent i,e. [A|b] is consistent.
By REO, we can obtain the REF

1 2 1 b 121 b
A= 0 1 3 b =013 b
—2 —4 —1 by 0 0 1 by+2b

Obviously, this system has solution, so Az = b is consistent and A spans R®.
Actually, for the matriz A, RankA = Rank[A|b], so Ax = b is consistent and [a,, ay, as)
3
span R”.

2.4. Homogeneous and Non-homogeneous system
2.4.1. Homogeneous system
For the linear system

Ax =0,

then it is called homogeneous system. This system is always consistent, because x = 0 is
solution of the system.

e Basic variables — rank A;
e Free variables — n-rank A.

Example 2.5. Solve the homogeneous system Ax = 0, where

13 -3 7
A= 01 -4 5
0 2 -8 10
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2.5. Linearly dependent and linearly independent set

Definition 2.2. v, vy, ..., v, are a set of vectors, for the vector equation a,v; + asvy + ... +
an,v, = 0, if it has the unique zero solution, then they are called linearly independent; if it
has non-zero solution, they are called linearly independent set.

Example 2.6. If the following vectors are linearly independent or not?

1 7 9
v = 0 , Uy = 2 , V3 = 4
0 —6 —11

Based on the definition, we only need to check whether Ax = b has the unique zero solution.

1 7 9 1 79
A=1 0 2 4 =101 2
0 -6 —11 0 01

Obuviously, this system has the unique solution x = 0, so they are linearly independent.

Example 2.7. For what values of h, vy, v2v3 are linearly dependent?

1 -3 5
v = -1 |, »n= 3 , V3 = =7
3 -9 h
sol: For A = [vy, vy, v3] we have
1 -3 5 1 -3 5
A= -1 3 3 |=110 0 —2
3 -9 h 0 0 h-—15

This system is always has a solution x1 = 3,29 = 1,23 = 0 for any h, so they are always
linearly dependent.

Example 2.8. Are vy, v9, v3 linearly dependent?

o= (1) (1) (1)

Based on the definition, we need to verify that vix, + voxs + v3rs = 0 has unique zero

solution.
11 3 1 0 2
A:[”l”’z’”3]:(1 5 7);‘<0 1 1)
=
I -2
=\ 22 | = | -1 |3

Remark 2.3. n vectors in R™, where n > m are always linear dependent.
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2.6. Linaer transformation

For the linear system Ax = b, two points of view
e old one: when b is given, find x such that Ax = b, linear system.
e new one: study x — Ax, see which x lands on b, transformation.

Notations for the following transformation

T:R"— R™,
T:x+— Ax.
where
1. domain R",
2. codomain R™,
3. T'(x): image of x, actually Ax,
4. range: the collection of all possible T'(x).

Definition 2.3. A transformation T : R — R™ 1is called linear, if

o T(u+v) =T (u)+ T(v),

o T(ku) = kT (u),

e combine these two points T (kyuy + kowy) = k1T (uy) + ko1 (u2) (usually use this one).
For A linear transformation 7', two properties

e T(0)=0,

o T(ciuy + ... + cuu,) = 1T (uy) + ... + ¢, T(u,).

Example 2.9. Linear transformation?

T
1 o . i 1 :B;

T1 " = 9 (X)7T2 ) = T2 (X),Tg " = " <\/)
2 1 3 23 2 3
Ty

Example 2.10. T(x)=Az, find x such that T'(x) = b.

Case 1.
1 0 -2 —1
A= -2 1 6 b 7
3 -2 -5 -3



sol:
1 0 -2 -1 1 1
[A]b] = -2 1 6 7 — 0 1 2 5 — 1 0
3 -2 -5 -3 0 0

= this system has a unique solution

3
= 1
2
Case 2.
1 -5 -7 —2
a=( 575 )e(Y)
sol:

= this system has infinitely many solutions

-3 3
Tr = —2 I3 + 1
1 0

Based on the definition, for these two cases, we need to solve the linear system Ax = b.

Actually, for matrix A, with matrix-vector multiplication, we have

e Alu+v)= Au+ Av,
o A(ku) = kAu.

So, based on the definition, if we have a matrix, with with matrix-vector multiplication, we
can define a linear transformation. This point implies that when we have a matrix A, we
can define a linear transformation T : x — Ax. i.e. A — T. In the following, we will also
know that if we have a linear transformation 7, we will find its corresponding matrix A, i.e.

T — A.

Theorem 2.3. T : R™ — R™ be a linear transformation, and set A = [Tey,...,Te,], then
T(x) = Az, and A is the matrix corresponding to the linear transformation T .
Letx =211+ ...+ 2,6, =
T(x)=T(zr1e1 + ... + vp€,) = 1T (€1) + ... + x,T(ey)

T
=[Te,...Te,) | z2 | = Az
Z3
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Example 2.11. Find the matrix corresponding to the linear transformation.
case 1.

T$ = (O,Zlfl + To,T9 —+ T3, T3 —+ £C4)T

For this transformation, it can be verified that it is a linear transformation, and

Te, = (0,1,0,0)7,
Te, = (0,1,1,0)7,
Te; = (0,0,1,1)7,
Te, = (0,0,0,1)7,
SO
0000
1100
A=[T(e),T(e),T(e3),T(es)] = 0110 |
0011
case 2.

T(x) = ([El — 51‘2 + 41‘3,1‘2 — 6(133)T

For this transformation, it can be verified that it is a linear transformation, and

Te = (1,0)7,
Tey, = (—5,1)7,
Tes = (4,—6)7,

SO

1 -5 4
A:[Tel,Teg,Teg] = < 0 1 6 ) .

In summary, we can draw the conclusion Matrix A < linear transformation 7.

Definition 2.4. T : R® — R™ 1is a linear transformation, the kernel of T is defined as
kerT = {x € R"|T'(x) = 0}.

Example 2.12.
1234y (0123 (1 1 1 1
0123 0345) \0 —2 -2 =2
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We need to solve Az =0, so

1 -4 7 =5 1 -4 7 =5 10 -9 7
A=— | 0 1 -4 3 —-10 1 -4 3 |—-|101 -4 3|,
0 2 -8 6 0 O 0 0 00 0 O
9 -7
= 4x—|— -3 T4 = UT3 + VT
1 3 0 4 3 4,
0 1

thus ker T' = Span{wu, v}.

2.6.1. Two properties of linear transformation
e One to one property: If T'(x;) = b = T(x3)= X1 = X.
T is one to one<T'(x) = 0 has trivial solution <ajx1 + ... + a,x,, = 0 has unique zero
solution < the columns of A are linearly dependent.

e Onto property: Vb=3x s.t. T(x) = b.
Ax = b is consistent < T is onto, so T is onto < the columns of A span R™.

3. Matrix

3.1. Matriz operations

1. Matrix addition and scalar multiplication

e A+ B, A and B have the same size.

e k- A, kis a real number.

e A—B.
Example 3.1.
1234\ (0123 (1 1 1 1
0123 0345) \0 -2 -2 =2
1 11 3 3 3
3 011 ]=1033
0 01 0 0 3
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2. Matrix multiplication
How to define AB,

by;
Qi1 Q2 ... Qip ) o g
by;
where
p
Cij = apbij + aigbaj + ... + apby; = E :aikbkﬁ"
k=1
Example 3.2.

(5 1)m-(7)

what k, such that AB = BA?
23 5k —10 23 15
AB<—9 k+15)’BA_(6—3k k+15)

bk —10 =15
6 — 3k =—-9.

Thus k = 5.

Generally, AB # BA.

4. Power

AF=A-A-A- .. - A
k

5. Transpose A € R™" and AT € R™™

air ... Qm

aip a2 ... Qip a a

12 - 2

A= .. . . . |=AT= m
Gt Grg e G

A1p .- Amn

o If AT = A, A is called symmetric.

o If AT = —A A is called skew-symmetric.

13



3.2. Invertible matrix
Definition 3.1. For a matriz A, if 3C, s.t. AC =1, = CA, then A is called invertible.

Example 3.3.

O =

(01 (10 o
A_(10>,AA_(01>:>A = A

A" —5A—1,=0= (A" =5I,) - A=A (A" -5L,) =1,
= At=A*—5]I,.

Theorem 3.1. For 2 x 2 matriz

when ad — be # 0, A is invertible and

e 1 d —b '
ad —bc \ —c a
Based on the theorem above, it is easy to obtain the inverse for 2 x 2 matrix.
How to find the inverse of matrix for n X n matrix? For the matrix product, we have

AB = A[by, by, ..., b,] = [Aby, Aby, ..., Ab,] = [e1, €3, ..., 0] = I,

so A7! = [by, by, ..., b,], and b; is the unique solution of Ax = e;. we have know that we
can solve this equation by EROs, i.e., [Ale;] = [1,]b;].

Theorem 3.2. A is invertible matriz, if by EROs, [A|l,)] = [I,|B], then B = A™!.

Example 3.4. Find the inverse of the following matrix

1 1 0 =3
-1 -2 1 8
A 0 0 1 =3
0 0 1 -2
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We performed EROs for [A|l4]

1 1 0 =3|1 0 0 O 1 1 0 =3|/1 0 0 O
—1 —2 1 8 0 1 O O r2—Tr2+T1 0 —1 1 5 1 1 0 0
0O 0 1 =3{0 0 1 O ra——r3+74 0O 0 1 =3|{0 0 1 O
0O 0 1 —-2{0 0 01 0O 0 0 1|00 —1 1
1 1 001 0 -3 3
r1—3r4+1r1,72——57T44+72 0 _]_ ]_ O 1 1 5 _5
r3—3ra+r3 0O 0 1 0/0 0 -2 3
O 0 0100 -1 1
1 1 0 01 0 -3 3
ro——r3+r2 0 1 0 O _1 _1 _7 8
r3——T3 00100 0 =23
00 01 0 -1 1
1 0 00 1 4 -5
r1——ro+1r1 0 1 0 0 _1 _]- _7 8
00100 0 -2 3
00010 0 -1 1
2 1 4 =5
PR (RS QS R
A= 0 0 2 3
0O 0 -1 1

3.2.1. Elementary matrix
Definition 3.2. An elementary matriz is obtained by performing a single ERO on I,,.

When A — B by a single ERO, we have [A|I] — [B|E]. The matrix E is the elementary
matrix corresponding to the single ERO.

The procedure of obtaining the inverse matrix is a sequence of EROs, so we have a
sequence of elementary matrices F,, E,_1, ..., F1, and

and A_l =B= EnEnfl'-'El-
As we know, there are three kinds of Elementary row operations (ERO)

1. replacement,
2. interchange,
3. scaling.

Example 3.5. A is 3 x 4 matriz.
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(1) Write down the corresponding to the following EROs: (1) 11 < 12, (2) 13 — 211 +73,

(3) —T9.

010 1 00 1 0 O
Ey=1 100 ),Eb=010|E=(0-120
0 01 2 01 0 0 1

(2) B is obtained by (1), (2), (3), write P, s.t B= PA
We have know that B = EsEyF1 A, so P = FEsE>E; and

10
P=1]1-100
0 21

For Example. 3.4, we can also obtain the sequence of elementary matrices E,,, E,,_1, ..., E1,
s.t A_l = EnEn—l--'El
4. Determinant

4.1. Definition of determinant
e for 2 x 2 matrix

a b
=0 )
the determinant of A is defined as det A = ad — be.

e for 3 x 3 matrix

ail aiz Aais
A= a21 A2z A23

az1 aszz 33
the determinant of A is defined

Q22 A23
32 a3z

a21 A23
a3y ass

Q21 Q22
a31 a3z

det A = a1 — 12 + a3

= Q11022033 — Q11032023 + Q12023031 — Q12033021 + G13G21032 — G13G31022.

e for n X n matrix

ai;r a1 ... QAip

Ap1 QAp2 ... Qpp

16



the determinant of A is defined

det A = Z ay; - (—1)"det A; =

Zaﬂ

n

1+] det A; 71

= Z Qi * z+k det Akz = Z Ak * (—1)k+j det Ajk,

7j=1

where Cy; = (—1)"* det Ay; and Cjp = (—1)¥"7 det Ay, are cofactor of A.

e for n x n triangle matrix

aixp Qais
A _ 0 929
0 0

det A=ay; a2 ... Q.
Theorem 4.1. Let A be a n X n matriz,
o [fA — Bbykrj+r;, then det B = det A,
o [fA— Bbyr; <, thendet B = —det A,

o [f A — B bylr;, then det B =ldet A.

Example 4.1.

A1n
A1n

ann

1. Calculate the determinant of A+ B, A — 2B, where

()

2. Calculate the determinant of A, where

9 0 0
7T 3 2
A_SOO
5 =3 1
P 528|002
det A = =3 3 2 8
30 0 0 31 11
5 =3 1 11

17
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3. Calculate the determinant of A, where

1z 22 28
¥ 1 oz 2P
A= 2?2 2 1
x 22 2 1
By the row operations, we have
1 T x? 3
0 1—a* -2 22 —2af 43
0 0 0 1—at
4. Calculate the determinant of A, where
1 z » =«
R B £B2 x
r r x° x
r x x 2
By the row operations, we have
11—z 0 0 0
xr x x x v o v
det A = ) =(1-2)|0 22—z 0 = —(1 —2)%2%(2® — 2).
0 0 z*—=x 0 0 0 B
0 0 0 3 —x
5. Calculate the determinant of A, where
12000
21 200
As=1 0 2 1 2 0
00212
000 21
For the matrix As, we have
12000
21 200 ; ? (2) 8 1 20
detAs=0 2 1 2 0|= —4-12 1 2| =det Ay — 4det Az,
0 21 2
00212 00 2 1 0 2 1
000 21

sodet A5 = det Ay — 4det Az, and det A; can be considered as a sequence with det Ay = 1
and det Ay = —3.
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6. Let A denote the following matriz

A:

QO o
o S Q
SR AU

(i) Assume a =1,b=2,c=3,d =4, det A?

143 9 1 4 3 2
9 1 4 3 0 -7 -2 -1
detA=\s o 1 4|0 10 -8 29
43 21 0 —13 —10 -7

so det A = —160

Q@ QL o o

—7 -2 -1 7 —2 -1
10 -8 —2|=|4 -4 0
13 —10 -7 36 4 0

(ii) Show that det A contains the (a + b+ ¢+ d) factor

By row operations

a d ¢ b
b a d ¢ b a
detA_cbad_ c b
d ¢ b a d c
1 11
b a d
=(a+btetd|, . o
d ¢ b

at+b+tc+d at+bd+ct+d at+btect+d at+bt+ct+d

d c
a d
b a

Q QU O

(ii) Show that det A contains the (a — b+ ¢+ d) factor

By row operations

a d ¢ b

b a d ¢ b a
detA:cbad: c b
d ¢ b a d c

1 -1 1

b a d

—(a—b+c—d)cba

d b

4.2. Cramer’s rule

a—b+c—d d—a+b—¢c c—d+a—-b b—c+d—a

d c
a d
b a

-1

c

d

a

Theorem 4.2. When det A # 0, A is invertible, the unique solution of Ax = b is given by

T T det A
where Az(b) = [al, ey @i, b7 a; 1,..., G,n]

19
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Example 4.2. Use Cramer’s rule to solve the system

35(]1 — 21’2 =6
—5.’151 —+ 4372 =38

For this system,

(4 7)o (a4 1)

det A1 (b) det A2 (b)

det A =20 and z, = det A

= 27.

S0 T =

5. Vector space

This section contains some abstract concepts, which are not easy for new
learners, so you should firstly review these concepts. In this course, calculation
is not difficult, but the understanding of these concepts is the most important
thing. The concepts in this chapter is similar with that in the chapters before,
you should find and construct the relations between these concepts and it will
be helpful to understand them well.

5.1. Vector space and subspace

Definition 5.1. A collection of vectors V', with vector addition and scalar multiplication,
1s called vector space, if the following points are satisfied.

—_

U+ v s always in V,
u+v=v+ u,
(u+v)+w=u+(v+w),

has 0, s.t. u+0=0,

for each w e U, s.t. u+ (—u) =0,
cu 18 always in 'V,
c(u+v)=cu+cv,

c(du)=(cd)u,

lu=u.

© 0 NSO W

Example 5.1. Some case for vector space
{0},
o R

o P, ={pt)|p(t) =p+0+pit + ... + p,t",t € R}, the polynomials with degree at most
equal to n,

20



e P, all the polynomials,

o M,,xn, collection of all m x n matrices.

Definition 5.2. A subspace H C 'V is a non-empty subset if V', s.t. H itself forms a vector
space under the same vector addition and scalar multiplication.
An alternative definition

1. 0eV in H,
2. w,ve H, then u+ve H,
3. ue H anda € R, then au € H.

Example 5.2. Some case for vector subspace

1. {0},

2. R",
3. P, ={pt)|p(t) =p+ 0+ pit + ... + put™,t € R}, the polynomials with degree at most
equal to n,

4. P, all the polynomials,
5. My,xn, collection of all m x n matrices.

Definition 5.3. S = {vy, vo, ..., v, } is a set of vectors in V', y = c;v1+...+ ¢, v, is called the
linear combination of {vy, v, ..., v, }. Span{v, va, ..., v,} is the collection of all the possible
linear combinations of {vy, va, ..., Vp}.

Based on the definition, H = {vy, vy, ..., v, } is a subspace of V.

Definition 5.4. A is m x n matriz, the null space of A is defined as NullA = {z|Axz =
0,z€ R"}.

Based on the definition, we can also verify that NullA is a subspace of R".

Example 5.3. Describe the null space of A, where

12 2 1
A= 2 5 10 3
1 3 8 2

Based on the definition, we need to solve the linear system Ax = 0. By the row operations,
we have

12 2 1 10 —10 —1
A=25 103 =01 0o 1 |,
13 8 2 00 0 0
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the solution can be written as

10 1
—6 -1
T = T3+ Ty = V33 + V424.
1 0
0 1

Consequently, Null A = Span{vs, vs}.

Theorem 5.1. For a matrix A, NullA = 0 equivalent to Ax = 0 has unique solution.
When Az =0 has {vy, ..., v,} as a set of basic solution, then NullA = {vy, ..., v, }.

Definition 5.5. A = (a4, ..., a,) is m X n matriz, the column space of A is defined as
ColA = Span{ay, ..., a,}.

Based on the definition, a € ColA equivalent to the linear systen [A|v] is consistent.

Example 5.4. whether vy and vy in ColA, where

A:

— N =
DN~ DN
N O N
_ o =

Based on the definition, we check the linear system Ax = v; is consistent or not.
By the row operations, we have

12 2 11 12 2 1 1
Awv]=[2406 2|00 -2 2 0],
12 2 11 00 1 —-120
so [Alvy] is consistent and v, € ColA.
12 2 11 1 2 2 1 1
Aw]= 2406 4] =00 -2 2 2],
12 2 17 00 1 —-16©6

so [Alvs] is inconsistent and vy is not in ColA.

Remark 5.1. T s the linear transformation corresponding to A, v € the range of T «—
dx € R", s.t. T(x) = v < [A|v] is consistent, thus ColA is the same as the range of T.
ColA = R™ iff every rows of A has a pivot position.

With the definition of column space, the row space can be defined as RowA = ColA”.

22



5.2. Linear transformation in general

Definition 5.6. V and W are two vector spaces, a transformation T' : V. — W is called
linear, if

e T(u+v)=T(u)+T(v),
o T(ku) = kT (u),
e combine these two points T (kiu + kowy) = k1T (wy) + k2T (wy) (usually use this one).

If V=W, T is called linear operator.

It can be observed that this definition is similar with that of a linear transformation
T : R"— R™. However, here T': V — W and V and W are two vector spaces. If we take
V = R"and W = R™, two definitions will be the same. So it is called linear transformation
in general.

Definition 5.7. V and W are two vector spaces, Let T : V. — W is linear transformation
o the kernel of T, ker T = {v € V|T(v) = 0},

e the image of T, ImT = {w € W : Jus.t.T(v) = w}.

For the linear transformation 7" : V — W, we also define the one-to-one and onto
properties.

e 7' is one-to-one, iff ker’T' = 0,

e T is onto, iff ImT =W.

Example 5.5. V=W=P(R) the vector composed of all the polynomials.

d
e D(p) = Ep(t) (Differential operator) = onto not one-to-one,

t
e I,(p) = / p(s)ds (Integral operator) = one-to-one not onto.

It can be verified that ker T" and ImT are subspace of V' and W respectively. If V = R"
and W = R™, we can find A < T, then ker T' = NullA and ImT = ColA. (prove)
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5.3. Basis for subspace
Definition 5.8. H is a subspace of V', B is called a basis for H, if

e B is a linearly independent set; (moving any vector from it will make the span smaller),

e SpanB=H; (every vector in H can be written as a l.c. of the vector in B).

Example 5.6. Some examples about basis.
e {e,e,...,e,} is a basis for R".
o {1,t,....t"} is a basis for P".

o {[0,1)7,[1, 1]} and {[1,—1]T,[1,0]T} are two basis for R*.

It can be observed that for the vector space R", the basis must contains n vectors,
otherwise if m < n, the Rank of the matrix composed by the m vectors must be less than

m i.e. the span of these vector can not be R". If we have set of vectors {vy, vy, ..., v, }, they
are the basis of R" iff det A # 0 where A = [vq, vy, ..., Vy].

5.4. Coordinate vector relative to a basis

B = {by,...,b,} is a basis for H, the coordinate vector of x relative to B is the vector in
RP formed by numbers cy, ..., ¢,, such that x = ¢;b; + ... + ¢,b,,, then the coordinate vector
is denoted as [x], = [c1, ..., ¢p| .

Example 5.7. B = {[3,1]7,[1,3]"}, find the coordinate vector for any x = [y, x5 € R?.
Firstly, we need to check these to vectors are basis for R?. Based on the definition of the
coordinate vector, we need to find c1,cs, s.t.

T = 301 + c3,

Tog = C1 + 362,

3.CE1 — X9
TS
3%2 — I
Cy = )

8

3ZE1 — T2 3%2 — II]T

so, for any x, the coordinate vector is ], = | g 5

Example 5.8. B={| 1 |,[—-1],| 1 |}, find the coordinate vector for e;.

24



Firstly, we need to check these to vectors are basis for R®. To find ci, ¢, c3, we need to
solve the following equation

1 1 1 -1
0 = C1 1 + Co —1 —+ C3 1
0 -1 1 1
o 1 1 , . T
The solution is ¢; = 502 =506G= 0, so the coordinate vector is [e;], = [5, Y 0]".

5.5. Dimension of vector space

Let B = {by,...,b,} be a basis for H, then any subset of H containing ¢ > p vectors
must be linearly independent. With this observation, we can prove that if B and C' are two
basis of H containing n and m vectors, then n = m. Thus, for a vector space, any basis
must containing the same of vectors, we have the following definition

Definition 5.9. When V' has a basis B with n vectors, V will be called finite dimensional
space, and dim V' = n.

e dim R" =n, {ey,...,e,} is a basis of R".

e dim P, =n, {1,t,...,t"} is a basis of P,.

e dim P = oo, {1,t,t%,...} is a basis of P and it contains infinity number of elements.
Example 5.9. Describe all possible subspace H of R3

e dimH =0, H={0}

e dim H = 1, H=Span{v}, where v € R?

o dim H = 2, H=Span{u, v}, where u,v € R and u, v are linearly independent.

6. Eigenvalue and eigenvector

6.1. Eigenvalue and eigenvector

Definition 6.1. A is a square matriz, when Ax = Ax has a non-trivial solution x, X\ is
called an eigenvalue of A and x is an eigenvector of A corresponding to \.

Example 6.1. Find the eigenvalue and eigenvector of A

e A=1,, for any x € R", we have Ax = I,x = x =1 x, so 1 is the eigenvalue of A
and any x € R" are eigenvectors corresponding to 1.

2 2
A and any © = (a, —a)’ are eigenvectors corresponding to 0.
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How to find eigenvalue and eigenvector of any matrix?

Based on the definition, if A is an eigenvalue of A, the linear system (A — A)x = 0
has non-zero solution < det(A — AI) = 0, which implies that eigenvalue \ is the root of
polynomial p(A) = det(A — AI), and p(\) is called the characteristic equation of A.

Theorem 6.1. \ is an eigenvalue of A, iff X is the root det(A — \I,,) = 0.

Example 6.2. Find the eigenvalue and eigenvector of A, where

A:

S Ot =
N o O
= O O

For matriz A, det(A — X)) = (1 —=X)(2—=X)(4 — )N), so the eigenvalues are \y = 1, g =
2,\3 = 4. Solving the linear system (A — N\ I)x = 0, we can obtain the eigenvectors corre-
sponding to \;.

Example 6.3. Find the eigenvalue and eigenvector of A, where

10 0 2
A= (1) ema (0 2) -
For matriz A, det(A — X) = (1 — X\)(2 — A), so the eigenvalues are \y = 1, Ay = 2.

However, for B, A2 = ++v/2.  This ezample implies that by ERO, the eigenvalues are
different.

Example 6.4. For a matriz A,
e [f A is not invertible, A = 0 is an eigenvalue of A (det A =0).

o If )\ is an eigenvalue of A, for any n, A"z = A""!. Az = NA""lz = \"x, So \" is an
eitgenvalues of A™.

6.2. Diagonalization
Aim: To find a diagonal matrix D and an invertible matrix P, such that A = PDP!,
Suppose that D = diag(\1, Mg, ..., \p) and P = [vy, Vo, ...,v,], A = PDP™! = AP =
PD = [Avy, Avy, ..., Av,] = [Avy, Ava, ..., Av,], i.e. the elements of D is the eigenvalues of
A and the columns of P are eigenvector corresponding to the eigenvector.

Definition 6.2. For a matriz A, if there exist eigenvectors {vy, va, .., v, } of A such that P =

[v1, Vo, .., v,] is invertible, A is called diagonalizable and A = PDP~! is a diagonalization

of A.
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Example 6.5. Whether A is diagnalizable, where

().

A—M|=(\—1)2—4=0, \ =3\ = —1.
1
For\y =3, (A—XMDNx=0= 2z = (5,1)T. For g = =1, (A= XDx=0= 2z =

1
s )
( 27 )
11 L -
Thus A is diagnalizable, P={ 2 9 |, P! = % and D = )
1 1 -1 3 0 -1

Example 6.6. Whether A is diagnalizable, where

-(31)

For A, \; = \y = 1, the eigenvectors corresponding to \; is v; = (s,0)T and p = [v;, vo]
is not invertible. Thus, A is not diagnalizable.

In general, how to determine the diagonalizability of A?
Since AP = PD, P is invertible < A has n linear independent eigenvectors.

Theorem 6.2. A is a n X n matriz

o A is diagonaliable iff it has n linear independent eigenvectors;

o The eigenvectors corresponding to distinct eigenvalues are automatically linear inde-
pendent;

e [f A has n distinct eigenvalues, A is always diagonaliable. (When A has some re-
peated eigenvalues, whether it is diagonaliable dependent on whether the eigenvectors
are linear independent or not.)

The step of diagonalization of a matrix

1. Find the eigenvalues of A;

2. For each eigenvalues, find a basis for the eigenspace E\ = Null(A — \I) ;
3. Construct P by putting these vectors as its columns;

4. Construct D using the corresponding eigenvalues following the same order.

Example 6.7. Ezercise Diagonalize A, where

4 1 -1
A= 2 5 -2
1 1 2
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7. Inner product

7.1. Inner product

Inner product is a generalization of dot product. Let u,v are vectors in R", the inner
product is defined as

n
u-v=1uvy + ... + uyv, = E U;V;.
i=1

Theorem 7.1. Let u,v,w € R" and c € R then
1. u-v=v-u;
2. (ut+v) - w=u w+v- w;

3. (cu)-v=cu-v;
4. (

u)-u>0, andu-u=0iff u=0;

Some related definitions

1. Norm: ||v|| = /v - v;
2. Distance: dist(u,v) = |ju— v||;
3. Angle: Z(u,v) = cos™* v
[[ull[[v]]
Based on these definitions, we have the following properties

1. Cauchy-Schwarz inequality: |u - v| < [Jul|||v]];

2. Triangle inequality: [[u+ v|| < |lull + ||v||;

3. Pythagoras’ theorem in vector form: |[u+ v||* = |[u/*+ ||v||* if u- v =0 i.e. they are

orthogonal with each other.

Definition 7.1. Let u,v € R", when u- v =0, they are orthogonal, denoted as u 1L v.

Remark

1. This is a general form of perpendicularity;
2. 0 is orthogonal with any other vectors.

Definition 7.2. Let S C R", if w is orthogonal to any vectors in S, w is orthogonal to S
denoted as u 1. S. The orthogonal complement of S is defined as S* = {u € R"|u L S}.

1. In R3 let S;=x-axis, then e, L S; and e3 L S;, S{ = Span{e,, es};
2. In R" let Sy = Span{ei,..,ex} then e; L Sy, j =k +1,...,n, S5 = Span{exi1,e,}.

Let A be a m x n matrix, then (RowA)*t = NullA and (ColA)* = Null AT,
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7.2. Orthogonal sets and orthonormal sets

Definition 7.3. Let S C R" is called orthogonal if any two wvectors in S are always
orthogonal to each other. Let S C R™ is called orthonormal if (1) S C is called orthogonal;
(2) each vector in S is of unit length.

Definition 7.4. A basis for a subspace W is called an orthogonal basis if it is an orthog-
onal set; a basis for a subspace W is called an orthonormal basis if it is an orthonormal
set.

Definition 7.5. Let S C R" is called orthogonal if any two vectors in S are always
orthogonal to each other. Let S C R™ is called orthonormal if (1) S C is called orthogonal;
(2) each vector in S is of unit length.

Example 7.1. {ey, ey, €3} is an orthonormal basis for R3. S = {(1,2)T,(2,—1)T} is an
orthogonal basis for R2.

The vectors in an orthogonal set are always linear independent. Let S = {vy,...,v,} be
an orthogonal set, then for any v € SpanS, v can be written as

V-V V-V,
V=V + .+ V. (7.1)
v vl

Let S" = {v},...,v,} be an orthonormal set, then for any v € Spans’, v can be written as
v - V] vV

V=TVt v
[vill vyl

p
Let S = {uy,...,u,} be an orthogonal basis for W, for each v € R", the following vector
in W

v-uy

vV-u
Projwv = ——uy + ... + u, (7.2)
[ |

[ |

is called the orthogonal projection of v onto W.
Based on Eq.(7.1) and Eq.(7.2), we have v = projyv < v € W.

Example 7.2. W = Span{(2,—-2,1)T,(2,1,-2)T}, find projwwv, where v= (1,2,3)7.
Ezercise.

Definition 7.6. The decomposition v = projwv+ (v—projwwv) is called orthogonal decom-
position of v. It can be proved that the orthogonal decomposition is the unique way to write
v=w+ z withwe W and z€ W=.

Let v € R" and w € W, we have ||v — projwv|| < |[[v — w||, the equality holds when
W = projwV, so, in some sense, projy v is the best approximation of v by the vectors in W.
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Definition 7.7. The distance of v to W is defined as dist(v, W) = ||[v — projw ||

Let S = {uy,...,u,} be an orthogonal basis for W = SpanS, when W # R", then
W+ £ ® and there exists w in W+, st. w L S, hence S U {w} is still orthogonal. In other
words, we can extend an orthogonal set by adding a vector w. It can be summarized as
follows

1. S = {uy}, and uy ¢ S; then compute zy s.t. Sy = {uy, 2z} is orthogonal and
Span{uy,zy} = Span{uy,us};

2. Sy = Span{uy,uy}, and uz ¢ Sy then compute z3 s.t. Sz = {uy, vs,2z3} is orthogonal,
and Span{ui,uy,z3} = Span{u, uy, us}.

3. ...

The process is celled Gram-Schmidt orthogonalization process.
Let {xi,...,x,} be a set of linear independent vectors, the process can be summarized
as: choose u; = xy, then

Xo - U1
U =Xo — /U,

[ |
W — X _XS'ulu _X3'112u
R Y

p—1
u, =X —ZXP.UiU'.
S 1
=1

Then Span{xy,...,x,} = Span{uy, ...,u,} and {uy,...,u,} is an orthogonal set.

8. Symmetric matrix

8.1. FEigenvectors of a symmetric matrix

Let A be symmetric, then eigenvectors of A corresponding to distinct eigenvalues are or-
thogonal to each other. With this conclusion, the collection of these eigenvalues is orthogonal
(orthonormal).

If {uy,...,u,} is eigenvectors of A, then A diagonalizable and A = PDP~!, where P =
(uy,...,u,). When {uy,...,u,} is orthonormal set, PT = P~! and we have A = PDPT.

Definition 8.1. A matriz is orthogonal diagonalizable if there exist orthogonal matriz P s.t
A= PDPT.

For the symmetric matrix, it must be orthogonal diagonalizable (direct conclusion).
The step of diagonalization of a symmetric matrix

1. Find the eigenvalues of A;

2. For each eigenvalues, find a basis for the eigenspace E) = Null(A — \I), then apply
Gram-Schmidt process to convert it into an orthonormal basis;
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3. Construct P by putting these vectors as its columns;
4. Construct D using the corresponding eigenvalues following the same order.

Example 8.1. FExercise Orthogonal diagonalize A, where

4 1 -1
A=\ 2 5 -2
11 2

Theorem 8.1. (Spectral Theorem for Symmetric Matrices) Let A be an n Xn sym-
metric matriz. Then:

1. A has n real eigenvalues, counting multiplicities.
2. For each A\, dim Null(A — XI) = multiplicity of \.
3. FEigenvectors corresponding to distinct eigenvalues are orthogonal.

4. A is orthogonally diagonalizable, namely, there is an orthogonal matriz P and a diag-
onal matriz D s.t. A= PDPT.

Theorem 8.2. (Principal Axes Theorem) Let A be an n x n symmetric matriz. Then
there is an orthogonal change of variable, x = Py, that transforms the quadratic form x' Az
into a quadratic form y* Dy with no cross-product terms

' Az = Z QAij T L = Pyz )‘iy? =y’ Dy.
irj=1 i=1
This theorem can describe behavior of quadratic forms (depending on the sign of \;)

1. positive definite;
2. negative definite;
3. indefinite.

31



